Published by Institute of Physics Publishing for SISSA Received: March 18, 2005 Accepted: April 26, 2005 Published: May 23, 2005

Non-perturbative contributions to the plane-wave string mass matrix

Michael B. Green,^a Stefano Kovacs^b and Aninda Sinha^a

aDepartment of Applied Mathematics and Theoretical Physics Wilberforce Road, Cambridge CB3 0WA, U.K.

bMax-Planck-Institut für Gravitationsphysik, Albert-Einstein-Institut Am Mühlenberg 1, D-14476 Golm, Germany E-mail: M.B.Green@damtp.cam.ac.uk, A.Sinha@damtp.cam.ac.uk,

stefano.kovacs@aei.mpg.de

Abstract: D-instanton contributions to the mass matrix of arbitrary excited string states of type IIB string theory in the maximally supersymmetric plane-wave background are calculated to leading order in the string coupling using a supersymmetric light-cone boundary state formalism. The explicit non-perturbative dependence of the mass matrix on the complex string coupling, the plane-wave mass parameter and the mode numbers of the excited states is determined.

Keywords: AdS-CFT and dS-CFT Correspondence, Superstrings and Heterotic Strings, Penrose limit and pp-wave background, D-branes.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep052005055.pdf /jhep052005055.pdf

Contents

1. Introduction 1

2. Couplings of the plane-wave D-instanton 3 2.1 Plane-wave string theory 3 2.2 Review of the D-instanton boundary state 6 2.3 Two states coupling to a D-instanton 7 2.3.1 Decoupling of supergravity modes 10

3. Matrix elements between two-impurity single-string states 11 3.1 Two bosonic impurities 11 3.1.1 Matrix elements of symmetric tensor and singlet states 12 3.1.2 Matrix elements of SO(8) antisymmetric tensors in the NS − NS sector 16 3.1.3 Matrix elements of SO(8) singlets in the NS − NS sector 17 3.2 Matrix elements of excited RR states 17 3.2.1 Other matrix elements of two-impurity states 17

4. Matrix elements between states with four bosonic impurities 18

5. Discussion 19

A. World-sheet generators of plane-wave string theory 20

1. Introduction

The conjectured correspondence between the BMN sector of N = 4, d = 4 supersymmetric Yang-Mills [1] and type IIB string theory in the maximally supersymmetric plane-wave background [2] has been examined in some detail at the perturbative level [3]–[5]. However, the understanding of non-perturbative aspects of the correspondence has been very limited (although D-branes were constructed on the string theory side in [6, 7]). Such nonperturbative effects are well-studied in the context of the AdS/CFT correspondence where Yang–Mills instanton effects in N = 4 supersymmetric Yang-Mills correspond closely to D-instanton effects in type IIB superstring theory in AdS_5 × S^5 [8]–[12]. A natural question to ask is whether there is a similar relationship between non-perturbative effects in plane-wave string theory and the BMN limit of the gauge theory.

According to the correspondence between plane-wave string theory and the BMN limit of N = 4 Yang-Mills theory, the light-cone gauge string theory mass matrix is related to the gauge theory conformal dimension. More precisely, the conformal dimension, Δ, and

– 1 –

R-charge, J, are given by H^{(2)} μ = Δ − J , (1.1)

where H^{(2)} denotes the two-particle hamiltonian and μ is the constant background RR (Ramond–Ramond) five-form flux. The two-particle hamiltonian is the sum of two pieces

H^{(2)} = H^{(2)}_{pert} + H^{(2)}_{nonpert} . (1.2)

The perturbative part, H^{(2)}_{pert}, is a power series in the string coupling, g_s. These perturbative contributions to the mass spectrum have been analysed in some detail on both the string side and in the BMN limit of the gauge theory using the technology developed in [13]. There have been no calculations of non-perturbative corrections due to D-instanton effects, which contribute to H^{(2)}_{nonpert}. It is the purpose of this paper to fill the gap in the existing literature and open the possibility of examining the proposed BMN/plane-wave correspondence at the non-perturbative level.

The single D-instanton sector has a measure that is proportional to

e^{2iπτ} g^{7/2}_s , (1.3)

where τ = τ_1+iτ_2 ≡ C^{(0)} +ie^{−ϕ} (C^{(0)} is the Ramond–Ramond pseudoscalar, ϕ is the dilaton and g_s = e^ϕ ). The factor g^{7/2}_s can be extracted from the form of certain higher derivative interactions that enter into the type IIB effective action at O(1/α^′) [14].^1 Although (1.3) is exponentially small, it is the leading contribution with the phase factor e^{2πiC (0)} . It is therefore of interest to understand how the mass matrix is modified by these contributions. In the following we will calculate such D-instanton contributions to mass matrix elements to leading order in the string coupling. These can be compared with the gauge theory instanton contributions to the corresponding two-point functions in the BMN limit, which will be the subject of a separate paper [15].

We will use the light-cone boundary state description of the D-instanton [7, 16] to evaluate elements of the mass matrix for arbitrary string states. Equivalently, the leading contribution to the two-point function of string states in the D-instanton background will be associated with a world-sheet that is the product of two disks, with one closed-string state attached to each, and with Dirichlet boundary conditions. These boundary conditions impose the condition that the D-instanton has a position given by the bosonic moduli x^I_0, x^+_0 , x^−_0 . The sixteen broken kinematical and dynamical supersymmetries lead to the presence of sixteen fermionic moduli, ϵ^a, η^ȧ, which are included by attaching a total of sixteen fermionic open-string states to the boundaries of the disks. All the moduli are then integrated. This procedure will be implemented by use of the boundary state formalism.

This paper is organised as follows. Some of the notation and conventions of free light-cone plane-wave string theory are reviewed in section 2.1 and the structure of the D-instanton boundary state is reviewed in section 2.2. In section 2.3 the dependence on

1More precisely, the complete dilaton dependence of any such process is a modular form that contains specific multi D-instanton contributions, from which one can read off the measure, including the g^{7/2}_s factor.

– 2 – the fermionic moduli is obtained by applying the eight broken kinematical supersymmetries and the eight broken dynamical supersymmetries to the boundary state. This results in a ‘dressed’ boundary state. In order to evaluate the D-instanton contribution to two-point functions of string states this dressed boundary state is generalised to a composite twostring boundary state that is the product of two single string boundary states. Matrix elements of this state with physical two-string states give the D-instanton contribution to the elements of the mass matrix to leading order in the string coupling. Equivalently, we are evaluating the product of two disks with a single physical closed-string state attached to each and a total of sixteen open fermionic strings (representing the fermionic moduli) attached to the disk boundaries, which satisfy Dirichlet boundary conditions in all spacetime directions. In section 2.3.1 we will see that there are no D-instanton corrections to the mass matrix with external supergravity states, as expected. The contributions of a single D-instanton to the mass matrix of massive string states created by the action of string creation modes are considered in sections 3 and 4. In section 3, states with two oscillator excitations (two impurities) are considered in detail. We will see that the leading contributions to H^{(2)}_{nonpert}/μ behave as g^{7/2}_s m^3 when m is large, independent of the mode number of the oscillators. States with four bosonic string oscillator excitations are considered in section 4. The elements of the mass matrix between such states behave as g^{7/2}_s m^7/r^2s^2, where r, −r, s, −s are the mode numbers of the oscillators on each of the strings.^2 States with fermionic excitations and states with larger numbers of impurities will also be discussed in section 4. We conclude with a summary and discussion of the implications for the BMN limit of N = 4 supersymmetric Yang-Mills theory in section 5.

2. Couplings of the plane-wave D-instanton

2.1 Plane-wave string theory

In this subsection and the appendix we will review some properties of free plane-wave lightcone gauge string theory [2]. The expressions for the supercharges and the hamiltonian are given in the appendix in terms of integrals over the usual superstring world-sheet fields, x^I , S and S̃. Here we will summarise the mode expansions of these expressions.

The free quantum mechanics hamiltonian [2] is given by^3

2p_− h = m � a^{† I} a^I + iS^a_0 Π_{ab}S̃^b_0 + 4 � + ∞� k=1 � α^I_{−k} α^I_k + α̃^I_{−k} α̃^I_k + ω_k � S^a_{−k} S^a_k + S̃^a_{−k} S̃^a_k �

= m � a^{† I} a^I + θ^a_Lθ̄^a_L + θ̄^a_Rθ^a_R � + ∞� k=1 � α^I_{−k} α^I_k + α̃^I_{−k} α̃^I_k + ω_k � S^a_{−k} S^a_k + S̃^a_{−k} S̃^a_k � , (2.1)

2These arise in pairs of equal magnitude and opposite sign. They are also equal on the two strings as a result of the conservation of light-cone energy.

3We here use the lower case symbol h to distinguish the first quantised hamiltonian from the lowest order contribution to the string field theory hamiltonian.

– 3 – where m = μ p_− α^′, ω_n = sign(n) √ m^2 + n^2. The matrix Π is defined in terms of SO(8) γ matrices by Π = γ^1γ^2γ^3γ^4 , (2.2)

and its presence in (2.1) implies that h is invariant under SO(4)×SO(4) rather than SO(8). The choice of the matrix Π in (2.2) reflects the choice of specific directions for the constant RR five-form flux which defines the background.

The modes of the left-moving and right-moving bosonic and fermionic world-sheet fields, α, α̃, S and S̃, satisfy the (anti)commutation relations,

[α_m, α_n] = ω_nδ_{m+n} , [α̃_m, α̃_n] = ω_nδ_{m+n} , {S^a_m, S^b_n} = δ^{ab}δ_{m+n} , {S̃^a_m, S̃^b_n} = δ^{ab}δ_{m+n} , (2.3)

while all other (anti)commutators of these variables vanish. The zero-mode fermionic variables θ_R, θ̄_R, θ_L and θ̄_L in (2.1) are four-component spinors with SO(4) × SO(4) chiralities (+, +) and (−, −), defined in terms of S^a_0 and S̃^a_0 by

θ_R = 1 2 √ 2 (1 + Π) (S^a_0 + iS̃^a_0 ) , θ̄_R = 1 2 √ 2 (1 + Π) (S^a_0 − i S̃^a_0 ) ,

θ_L = 1 2 √ 2 (1 − Π) (S^a_0 + iS̃^a_0 ) , θ̄_L = 1 2 √ 2 (1 − Π) (S^a_0 − i S̃^a_0 ) . (2.4)

The non-zero anticommutation relations between these spinors are

{θ̄_R, θ_R} =

(1 + Π) 2 , {θ̄_L, θ_L} =

(1 − Π) 2 . (2.5)

The transverse position and momentum operators pair together to form harmonic oscillator creation and annihilation operators,

a^{† I} = 1 � 2|m|

(p^I_0 + i|m|x^I_0), a^I = 1 � 2|m|

(p^I_0 − i|m|x^I_0) , (2.6)

satisfying [a^I , a^{† J} ] = δ^{IJ} . (2.7)

The operators a and a^† are referred to as the zero mode bosonic oscillators. The presence of the fermion mass-term in the hamiltonian explicitly breaks the SO(8) symmetry to SO(4) × SO(4).

Let us briefly review the massless sector of the theory. Recall that it is usual to take the BMN vacuum state, |0⟩_h, to be the bottom state of a ‘massless’ supermultiplet. It is natural to use a Fock space description for the fermions based on |0⟩_h as the ground state satisfying θ̄_L|0⟩_h = 0 = θ_R|0⟩_h . (2.8)

In this basis the operators θ_L and θ̄_R are creation operators and are used to create the other states in the multiplet. The state |0⟩_h is a nondegenerate bosonic state with p_+ = 0. All the other states have positive p_+ with equal numbers of degenerate bosons and fermions.

– 4 –

The lowest lying levels of the string are generated by acting with the zero bosonic and fermionic modes on the ground state. This generates towers of supergravity states that include infinite numbers of Kaluza-Klein-like excitations. It will prove convenient in the following to refer to a different basis in which the ground state is the complex dilaton, |0⟩_D, that is annihilated by θ_L and θ_R. Acting on this state with θ̄_R and θ̄_L generates the 256 BPS states in a short supermultiplet. For example, acting with four powers of θ̄_L gives the BMN ground state, 1 4! ϵ_{a1a2a3a4}θ̄^{a1}_L θ̄^{a2}_L θ̄^{a3}_L θ̄^{a4}_L |0⟩_D = |0⟩_h , (2.9)

where the 0 indicates that the state is the ground state of the zero mode bosonic harmonic oscillators. Similarly the conjugate of the BMN ground state is obtained by acting with θ̄_R, 1 4! ϵ_{a1a2a3a4}θ̄^{a1}_R θ̄^{a2}_R θ̄^{a3}_R θ̄^{a4}_R |0⟩_D = |0⟩¯_h . (2.10)

In making contact with the boundary state description of the D-instanton we will often consider matrix elements between dilaton ground states, |0⟩_D. In particular, the only non-zero matrix element in the space of the zero-mode fermions (the θ’s) is

D̄⟨0|0⟩_D =_D⟨0| 4� a=1 (θ̄^a_Lθ̄^a_R)|0⟩_D . (2.11)

We will use a convention in which p_− > 0 for incoming states and p_− < 0 for outgoing states. After integration over the instanton modulus x^−_0 , p_− is conserved, which means that for any process involving M incoming and N outgoing states M� r=1 p_{r−} + N� s=1 p_{s−} = 0 . (2.12)

The background preserves 32 supersymmetries. Sixteen of these are kinematical and do not commute with the hamiltonian, while sixteen are dynamical and commute with the hamiltonian. The kinematical supersymmetry generators are proportional to the θ’s and θ̄’s. They will be denoted by q and q̄, defined by

q_R = e(p_− ) � |p_− |θ_R , q_L = e(p_− ) � |p_− |θ_L q̄_R = � |p_− |θ̄_R , q̄_L = � |p_− |θ̄_L , (2.13)

where e(p_− ) = sign(p_− ). The generators q and q̄ satisfy the standard anti-commutation relations {q,q̄} = p_− .

The dynamical supersymmetry generators, Q and Q̃, are given by � 2|p_− | Q_ȧ = p^I_0γ^I_{ȧb}S^b_0 − |m|x^I_0 � γ^I Π � ȧb S̃^b_0 + (2.14) + ∞� n=1 � c_nγ^I_{ȧb}(α^I_{−n} S^b_n + α^I_nS^b_{−n} ) + im 2ω_nc_n � γ^I Π � ȧb (α̃^I_{−n} S̃^b_n − α̃^I_nS̃^b_{−n} ) � , � 2|p_− | Q̃_ȧ = p^I_0γ^I_{ȧb}S̃^b_0 + |m|x^I_0 � γ^I Π � ȧb S^b_0 + (2.15) + ∞� n=1 � c_nγ^I_{ȧb}(α̃^I_{−n} S̃^b_n + α̃^I_nS̃^b_{−n} ) − im 2ω_nc_n � γ^I Π � ȧb (α^I_{−n} S^b_n − α^I_nS^b_{−n} ) � ,

– 5 – with c_n = � (ω_n + n)/2ω_n. The combinations Q^± =^{1√}_2 (Q ± i Q̃) satisfy the anti-commuta-tion relations � Q^+, Q^− � = 2h + m(γ^{ij} Π)J^{ij} + m(γ^{i′j′} Π)J^{i′j′} , � Q^+, Q^+ � = 1 |p_− |

(N − Ñ) ∼ 0 , � Q^− , Q^− � = 1 |p_− |

(N − Ñ) ∼ 0 , (2.16)

where J^{IJ} is the generator of angular momentum and N, Ñ are the left and right moving number operators, defined by N = ∞� n=1 � n ω_n α^I_{−n} α^I_n + n S^a_{−n} S^a_n � , Ñ = ∞� n=1 � n ω_n α̃^I_{−n} α̃^I_n + n S̃^a_{−n} S̃^a_n � . (2.17)

In the above and in what follows, a capital index I, J, . . . labels an SO(8) vector, an unprimed lower case index i, j, . . . labels a vector in one of the SO(4) subgroups, while a primed lower case index i^′, j^′, . . . labels a vector in the other SO(4) subgroup. The symbol ∼ indicates that N − Ñ vanishes for physical states, which satisfy the level-matching condition.

2.2 Review of the D-instanton boundary state The D-instanton boundary state of [7] preserves eight kinematical and eight dynamical supersymmetries and is given by

‖z ⟩⟩ = N_{(0,0)} exp

�_∞ � k=1 1 ω_k α^I_{−k} α̃^I_{−k} − iηS_{−k} M_kS̃_{−k} � ‖z ⟩⟩_0 , (2.18)

where ‖z ⟩⟩_0 is the ground state of all the oscillators of non-zero mode number. The coordinate z^I is the eigenvalue of the position operator,

x^I_0 = a^{† I} − a^I i � 2|m|

, (2.19)

constructed from the zero mode oscillators, a^{† I} and a^I . The parameter η is equal to ±1, depending on whether the state describes a D-instanton or an anti D-instanton. From here on we shall choose η = 1. The normalisation constant in (2.18) is given by

N_{(0,0)} = (4 π m)^2 . (2.20)

The matrix M_k = 1 k (ω_k1 − mΠ) (2.21) satisfies M_kM^T_{−k} = 1 . (2.22) The zero-mode part of the state is given by

‖z ⟩⟩_0 = e^{−m}z^{2/2}e^i √ 2mz ·a^† e^1_2 a^†·a^† |0⟩_D , (2.23)

where |0⟩_D is the ground state of all the oscillators in the basis in which θ_L and θ_R are annihilation modes.

– 6 –

The boundary state was shown in [7] to satisfy the conditions � S^a_n + i M^{ab}_n S̃^b_{−n} � ‖z ⟩⟩ = 0 . (2.24)

It will be convenient to decompose the SO(8) spinors S_n and S̃_n into spinors of definite SO(4) chiralities by defining

S^+_n = 1 2 (1 + Π)S_n , S^−_n = 1 2 (1 − Π)S_n , (2.25)

so that ΠS^±_n = ±S^±_n , and similarly for S̃_n. Then (2.24) can be rewritten as � S^±_n + i M^±_n S̃^±_{−n} � ‖z ⟩⟩ = 0 , (2.26)

where M^±_n = ω_n ∓ m n = � ω_n ∓ m ω_n ± m

. (2.27)

Note also that S ⟨0|S^±_mS^±_{−n} |0⟩_S = δ_{mn} ,_S ⟨0|S^±_mS^∓_{−n} |0⟩_S = 0 , (2.28) where |0⟩_S satisfies S_m|0⟩_S = S̃_m|0⟩_S = 0 for m > 0.

The n = 0 condition in (2.24) ensures that the state preserves half the kinematical supersymmetries, q_L‖z ⟩⟩ = 0 = q_R‖z ⟩⟩ . (2.29) Likewise, it preserves a linear combination of dynamical supersymmetries,

Q^+‖z ⟩⟩ = 0 , (2.30)

where √ 2Q^+ = Q + iQ̃. Applying the eight broken kinematical supersymmetries, q̄_L and q̄_R, and the eight broken dynamical supersymmetries, √ 2Q^− = Q − i Q̃, to the boundary state generates sixteen fermionic moduli.

2.3 Two states coupling to a D-instanton In this subsection we will calculate the contribution to the mass matrix of two-string states coupling to the D-instanton. To leading order in the string coupling this process is determined by the product of the one-point functions of closed strings coupling to a disk world-sheet, as shown in figure 1. It will be crucial to include the sixteen fermionic moduli associated with open strings coupling to the boundaries of the disks, which were not discussed in [7].

Each disk is defined in a separate Fock space labelled 1 and 2, so that the D-instanton state in this space is given by

‖V̂^{(0)}_2 , z ⟩⟩ = ‖z ⟩⟩_1 ⊗ ‖z ⟩⟩_2 e^{ix+0 (p1++p2+)}e^{ix−0 (p1− +p2− )} , (2.31)

where the superscript (0) indicates that the fermionic moduli are not yet included.

Conservation of p_− follows upon integrating over the modulus x^−_0 so that there is a factor of δ(p_{1−} + p_{2−} ) in the two-point function. We will take p_{1−} ≡ p_− = −p_{2−} > 0, which means that m ≡ μα^′p_− > 0 on disk 1 and m < 0 on disk 2. After integration over the light-

– 7 –

Figure 1: Leading order contribution to the two-point function. Dashed lines indicate the sixteen fermionic moduli, while solid lines indicate external states. The complete process is a sum of such contributions with the sixteen fermionic moduli distributed between the two disks in all possible ways.

cone time modulus, x^+_0 , the process will preserve the p_+ component of momentum, which means that there is a factor of δ(h_i + h_f ), where h_i, h_f are the light-cone hamiltonians for the incoming and outgoing states, respectively.

The dependence of the two-boundary state (2.31) on the transverse position modulus, z , is given by the product of a factor (2.23) for each disk. Therefore, making use of the gaussian integral � d^8ze^{−m}z^2 e^{−i} √ 2m(a^†_1+a^†_2)·ze(a^†_1^2+a^†_2^2)/2|0⟩_1 ⊗ |0⟩_2 = π 4m−4 e−a^†_1·a^†_2 |0⟩_1 ⊗ |0⟩_2 , (2.32)

the two-particle vertex integrated over the bosonic moduli (still ignoring fermionic moduli) has the form

‖V̂^{(0)}_2 ⟩⟩ ≡ � d^8z ‖V̂^{(0)}_2 , z ⟩⟩

= (2π)^8 exp

�_∞ � k=1 1 ω_k α^{(1)I}_{−k} α̃^{(1)I}_{−k} − iS^{(1)}_{−k} M_kS̃^{(1)}_{−k} + 1 ω_k α^{(2)I}_{−k} α̃^{(2)I}_{−k} − iS^{(2)}_{−k} M_kS̃^{(2)}_{−k} � × × e^−a^{†1·}a^{†2} ‖(0, 0)⟩⟩_1 ⊗ ‖(0, 0)⟩⟩_2 . (2.33)

Note, in particular, that the factor of m^4 in the normalization of the boundary state cancels after integration over z .

We will now consider the effect of applying the broken supersymmetries acting on the D-instanton in order to determine the dependence on the supermoduli. The broken kinematic supersymmetries multiply the vertex by the factor

(ϵ̄_R(q̄_{1R} +q̄_{2R}))^4 (ϵ̄_L(q̄_{1L} +q̄_{2L}))^4 . (2.34)

while the broken dynamical supersymmetries give the factor

(η(Q^−_1 + Q^−_2 ))^8 . (2.35)

The spinors ϵ̄^a_R and ϵ̄^a_L are parameters of the kinematical supersymmetries with opposite SO(4) × SO(4) chiralities, so the index a has effectively four components for each chirality (which will be labelled by a_L and a_R). The dynamical supersymmetry parameter η^ȧ has eight components.

– 8 –

Applying the broken kinematic supersymmetries (2.34) to the original D-instanton state and integrating over ϵ̄_R and ϵ̄_L gives the state

‖V̂_2⟩⟩ = ϵ_{aL1 aL2 aL3 aL4} ϵ_{bL1 bL2 bL3 bL4} 4� r=1 (θ̄_{2L} + θ̄_{1L})^{aLr} (θ̄_{2R} + θ̄_{1R})^{bRr} ‖V̂^{(0)}_2 ⟩⟩ . (2.36)

The products involving θ̄_L’s and θ̄_R’s can be interpreted as follows. The boundary state is located at a particular value of z , ϵ_L, ϵ_R in superspace. The two disks are therefore associated with factors δ^4(θ̄_{1L} +ϵ̄_L)δ^4(θ̄_{2L} +ϵ̄_L)

and a similar one involving θ̄_R’s. Integrating over ϵ̄_L and ϵ̄_R gives the factor

δ^4(θ̄_{2L} + θ̄_L)δ^4(θ̄_{2R} + θ̄_{1R}) = 4� r=1 (θ̄_{2L} + θ̄_{1L})^{aLr} (θ̄_{2R} + θ̄_{1R})^{bRr} .

The vertex ‖V̂_2⟩⟩ satisfies the conditions

(a_1 + a^†_2)‖V̂_2⟩⟩ = 0 = (a^†_1 + a_2)‖V̂_2⟩⟩ (θ̄_{2L} + θ̄_{1L})‖V̂_2⟩⟩ = 0 = (θ̄_{2R} + θ̄_{1R})‖V̂_2⟩⟩ . (2.37)

The remaining supermoduli are the η^ȧ associated with the broken dynamical supersymmetries, Q^− . Applying the broken dynamical supersymmetries to the state ‖V̂_2⟩⟩ produces an additional prefactor, resulting in the complete boundary state,

‖V_2⟩⟩ = � d^8η (η(Q^−_1 + Q^−_2 ))^8‖V̂_2⟩⟩ , (2.38)

which couples to any pair of physical closed-string states subject to them preserving p_+ and p_− .

We now need to show that the unbroken supersymmetries,

ϵ^{aR}_R (q_{1R} + q_{2R})^{aR} ϵ^{aL}_L (q_{1L} + q_{2L})^{aL} , η̃^ȧ(Q^+_1 − Q^+_2 )^ȧ , (2.39)

annihilate the vertex, ‖V_2⟩⟩, so the state preserves half the supersymmetries. The vertex ‖V̂^{(0)}_2 ⟩⟩ is automatically annihilated by these supersymmetries, so the issue is whether they continue to do so in the presence of the prefactors in (2.36) and (2.38). So we need to show that the commutators of the unbroken supersymmetries with these prefactors all vanish. Although the conserved kinematical supersymmetry, ϵ_R(q_{1R} +q_{2R}), does not commute with the prefactor (η(Q^−_1 + Q^−_2 ))^8, the commutator is proportional to (a_1 + a^†_2), which vanishes when acting on the vertex, ‖V̂_2⟩⟩ (similarly, the commutator of the conserved kinematical supersymmetry, ϵ_L(q_{1L} + q_{2L}), is proportional to (a_2 + a^†_1), which also vanishes on the vertex). The conserved dynamical supersymmetry, η (Q^+_1 − Q^+_2 ), also does not commute with the prefactor in (2.38), but the commutator is proportional to the sum, p_{1+} + p_{2+}, which vanishes since the light-cone energy is conserved in the on-shell two-point function.

– 9 –

Finally, the conserved dynamical supersymmetry does not commute with the prefactor �_4

r=1(θ̄_{2L} + θ̄_{1L})^{aLr} (θ̄_{2R} + θ̄_{1R})^{bRr} in the vertex ‖V̂_2⟩⟩, but its commutator is proportional to (a_1 + a^†_2) or (a^†_1 + a_2), each of which vanishes when acting on the vertex.

Elements of the mass matrix for external states χ_1 and χ_2 are proportional to matrix elements of the form e^{2iπτ} g^{7/2}_{s 1}⟨χ_1| ⊗_2⟨χ_2‖V_2⟩⟩ . (2.40) The analysis of the integral over the eight components of η is very different in the zero mode sector (the supergravity sector) from the non zero-mode sector. We will therefore first analyse the mass matrix for the supergravity sector before considering more general stringy effects.

2.3.1 Decoupling of supergravity modes The piece of Q^− that depends on zero modes is given by (see the appendix) � 2|p_− |Q^−_{0ȧ} = (p^I_0γ^I − i|m|x^I_0γ^I Π)_{ȧb}(S_0 − i S̃_0)^b = √ 2(p^I_0γ^I − i|m|x^I_0γ^I Π)_{ȧb}(θ̄_R + θ̄_L)^b = 2 � |m| � a · γθ̄_R + a^† · γθ̄_L � ȧ , (2.41)

where we have used Π θ̄_R = +θ̄_R and Π θ̄_L = − θ̄_L. We also note that the part of the conserved dynamical supersymmetries, Q^+, that depends on zero modes is given by � 2|p_− |Q^+_{0ȧ} = 2 � |m|(a · γθ_L + a^† · γθ_R)_ȧ . (2.42)

The commutation relations between the a’s and Q^− are given by

[Q^− , a^I ] = � 2μγ^Iθ̄_L, [Q^− , a^I ] = � 2μγ^Iθ̄_R , (2.43) and {Q^− , θ̄_L} = 0, {Q^− , θ̄_R} = 0 . (2.44) The expressions for the zero-mode parts of the broken dynamical supersymmetries that enter in (2.38) are^4

Q^−_1 = � 2μγ · � a_1θ̄_{1R} + a^†_1θ̄_{1L} � , Q^−_2 = − � 2μγ · � a^†_2θ̄_{2R} + a_2θ̄_{2L} � . (2.45)

According to the above, the matrix elements of the mass matrix between states ⟨χ_1| and ⟨χ_2| have the form

1 ⟨χ_1| ⊗_2 ⟨χ_2‖V_2⟩⟩ = � d^8η_1 ⟨χ_1| ⊗_2 ⟨χ_2| 8� r=1 (η^{ȧr} (Q^−_1 + Q^−_2 )^{ȧr} )‖V̂_2⟩⟩ . (2.46)

The last factor in � η (Q^−_1 + Q^−_2 ) acts on the boundary state. In this factor one can substitute a^†_2 = −a_1 and a_1 = − a^†_2 (using (2.37)). This factor is then of the form γ · � −a^†_2(θ̄_{1R} + θ̄_{2R}) + a^†_1(θ̄_{1L} + θ̄_{2L}) � , (2.47)

4Note that according to our conventions an incoming state has positive momentum while an outgoing state has negative momentum.

– 10 – which vanishes when multiplying the prefactor

�_4 r=1(θ̄_{1L} + θ̄_{2L})^{aLr} (θ̄_{1R} + θ̄_{2R})^{bRr} in ‖V̂_2⟩⟩.

We therefore see that the matrix elements involving two supergravity states of arbitrary excitation number vanish, as expected.

When one of the states has no stringy excitations and the other does the matrix element also vanishes. This follows from the fact that the two external states have to have same value of p_+ (or level number) after integration over the x^+_0 modulus of the D-instanton.

When both of the states have stringy excitations the matrix element does not vanish.

3. Matrix elements between two-impurity single-string states

We now turn to consider the matrix elements of states with non-zero mode number excitations, which are generically non-vanishing. One general feature of these matrix elements follows from the fact that, apart from the prefactor associated with the broken supersymmetries, the boundary state is simply an exponential of a scalar quadratic form in the excited oscillators. In the absence of the prefactor the boundary state would factorise into the product of two scalar operators and therefore would only couple to states in which the impurities are combined into SO(4) × SO(4) singlets. Only the prefactor (η (Q^−_1 + Q^−_2 ))^8 couples the SO(4) × SO(4) spin between the two disks. In the first instance we will restrict ourselves to states with only two impurities.

The complete list of two-impurity states based on the BMN vacuum at a given mass level is given by

NS − NS : α^{(I}_{−n} α̃^{J)}_{−n} |0⟩_h , α^{[I}_{−n} α̃^{J]}_{−n} |0⟩_h , α^I_{−n} α̃^I_{−n} |0⟩_h , RR : S^a_{−n} S̃^a_{−n} |0⟩_h , S^a_{−n} γ^{IJ}_{ab} S̃^b_{−n} |0⟩_h , S^a_{−n} γ^{IJKL}_{ab} S̃^b_{−n} |0⟩_h , NS − R : α^I_{−n} S̃^a_{−n} |0⟩_h , R − NS : S^a_{−n} α̃^I_{−n} |0⟩_h , (3.1)

where NS and R indicate the Neveu-Schwarz and Ramond sectors, respectively. The masses of each of these states is 2ω_n in the free string theory, while our aim is to evaluate the one-instanton mass matrix that corrects the masses of such states. Although the list (3.1) is labelled with SO(8) transverse vector indices for economy of presentation, the boundary state only respects the SO(4) × SO(4) subgroup. We will first consider states in the NS − NS sector that have two bosonic impurities.

3.1 Two bosonic impurities

In this case we will take the external states to be stringy excitations of the BMN ground state. In this case the bra vectors in (2.46) are given by

1 ⟨χ_1| ⊗_2 ⟨χ_2| = 1 ω_pω_q t^{(1)}_{IJ} t^{(2)}_{KLh}⟨0|α^{(1)I}_p α̃^{(1)J}_p ⊗_h⟨0|α^{(2)K}_q α̃^{(2)L}_q . (3.2)

The normalisation has been chosen so that each external state has unit norm if the wave functions satisfy t^{(1)}_{IJ} t^{(1)}_{IJ} = 1 = t^{(2)}_{IJ} t^{(2)}_{IJ} .

– 11 –

We now proceed to evaluate the matrix element (2.46). The non-zero modes enter into Q^− in the following manner � 2|p_− |Q^−_{ȧ n≠0} = ∞� n=1 (γ^I N_+)_{ȧb}(α^I_nS^b_{−n} − i α̃^I_nS̃^b_{−n} ) + (γ^I N_− )_{ȧb}(α^I_{−n} S^b_n − i α̃^I_{−n} S̃^b_n) , (3.3)

where we have defined (N_± )_{ab} = (c_n1 ± m 2ω_nc_n

Π)_{ab} . (3.4)

The matrices N_+ and N_− satisfy

N^2_+ = n ω_n

M_{−n} , N_+N_− = n ω_n

, N^2_− = n ω_n

M_n . (3.5)

We will make use of the following commutation relations that are valid for p_− > 0, � 2|p_− | � Q^−_ȧ , α^J_{−p} � = ω_pγ^I N_{+ȧb}S^b_{−p} (3.6) � 2|p_− | � Q^−_ȧ , α̃^J_{−p} � = −iω_pγ^I N_{+ȧb}S̃^b_{−p} (3.7) � 2|p_− | � Q^−_ȧ , S^b_{−p} � = γ^I N_{−ȧb} α^I_{−p} (3.8) � 2|p_− | � Q^−_ȧ , S̃^b_{−p} � = −iγ^I N_{−ȧb} α̃^I_{−p} . (3.9)

For p_− < 0 the sign of m changes and the matrices N_+ and N_− are interchanged.

The vertex ‖V_2⟩⟩ in (2.46) contains the prefactor

(η(Q^−_1 + Q^−_2 ))^8 = 8� p=0 C^8_p (ηQ^−_1 )^p(ηQ^−_2 )^{8−p} , (3.10)

where C^8_p are binomial coefficients. The different terms in the sum in (3.10) generate couplings between external states in different SO(4) × SO(4) representations when they act on the boundary state ‖V̂_2⟩⟩.

With external states of the form (3.2) an even number of Q^− ’s must be distributed between the disks so only the terms with even p contribute. For each value of p each disk couples to an external string state that lies in symmetric, antisymmetric or trace irreducible representations of SO(4) × SO(4) which are shown in table 1.

3.1.1 Matrix elements of symmetric tensor and singlet states

We will first consider the p = 4 case, in which there is a pre-factor of Q^4. This contributes to the SO(4) × SO(4) representations, (i, j), (i^′, j^′), (i, i), (j^′, j^′) and (i, j^′) + (j^′, i). In this case we need to include the terms with binomial coefficients C^8_4 in (3.10).

Since the external states are bra vectors containing two excited annihilation oscillators, and since each factor of (Q^−_1 + Q^−_2 ) in the prefactor contains the sum of products of one creation mode and one annihilation mode, we need only keep the bilinear terms in the expansion of the exponential factor in the boundary ket state. The matrix elements

– 12 – p Disk 1 Disk 2 SO(4) × SO(4) reps. 0 (Q^− )^0 (Q^− )^8 (i, i) + (j^′, j^′) 2 (Q^− )^2 (Q^− )^6 [i, j] , [i^′, j^′] , [i, j^′] 4 (Q^− )^4 (Q^− )^4 (i, j)_t , (i^′, j^′)_t , (i, i) , (j^′ , j^′) , (i, j^′) 6 (Q^− )^6 (Q^− )^2 [i, j] , [i^′, j^′] , [i, j^′] 8 (Q^− )^8 (Q^− )^0 (i, i) + (j^′, j^′)

Table 1: Distribution of the eight Q^− ’s between the two disks leads to couplings between pairs of SO(4) × SO(4) irreducible representations listed in the last column. The symbol [a, b] indicates an antisymmetric representation, (a, b)_t indicates a symmetric traceless irreducible representation while (a, a) indicates a singlet of either SO(4).

α^I_{−n} S^a_{−n} � 2|p_− |Q^{−ȧ 1} ω_n(N^I_+)_{ȧ1 c}S^c_{−n} (N^I_− )_{ȧ1a}α^I_{−n} �_2 r=1 � 2|p_− |Q^{−ȧ r} nγ^{IJ}_{ȧ1ȧ2} α^J_{−n} ω_n(N^I_− )_{ȧ1a}(N^I_+S_{−n} )_{ȧ2} �_3 r=1 � 2|p_− |Q^{−ȧ r} nω_nγ^{IJ}_{ȧ1ȧ2} (N^J_+S_{−n} )_{ȧ3} n(N^I_− )_{ȧ1a}γ^{IJ}_{ȧ2ȧ3} α^J_{−n} �_4 r=1 � 2|p_− |Q^{−ȧ r} n^2γ^{IJ}_{ȧ1ȧ2} γ^{JK}_{ȧ3ȧ4} α^K_{−n} nω_n(N^I_− )_{ȧ1 a}γ^{IJ}_{ȧ2ȧ3} (N^J_+S_{−n} )_{ȧ4} �_5 r=1 � 2|p_− |Q^{−ȧ r} ω_nn^2γ^{IJ}_{ȧ1ȧ2} γ^{JK}_{ȧ3ȧ4} (N^K_+ S_{−n} )_{ȧ5} n^2(N^I_− )_{ȧ1 a}γ^{IJ}_{ȧ2ȧ3} γ^{JK}_{ȧ4ȧ5} α^K_{−n} �_6 r=1 � 2|p_− |Q^{−ȧ r} n^3γ^{IJ}_{ȧ1ȧ2} γ^{JK}_{ȧ3ȧ4} γ^{KL}_{ȧ5ȧ6} α^L_{−n} ω_nn^2(N^I_− )_{ȧ1 a}γ^{IJ}_{ȧ2ȧ3} γ^{JK}_{ȧ4ȧ5} (N^K_+ S_{−n} )_{ȧ6} �_7 r=1 � 2|p_− |Q^{−ȧ r} ω_nn^3γ^{IJ}_{ȧ1ȧ2} γ^{JK}_{ȧ3ȧ4} γ^{KL}_{ȧ5ȧ6} (N^L_+ S_{−n} )_{ȧ7} n^3(N^I_− )_{ȧ1 a}γ^{IJ}_{ȧ2ȧ3} γ^{JK}_{ȧ4ȧ5} γ^{KL}_{ȧ6ȧ7} α^L_{−n} �_8 r=1 � 2|p_− |Q^{−ȧ r} n^4γ^{IJ}_{ȧ1ȧ2} γ^{JK}_{ȧ3ȧ4} γ^{KL}_{ȧ5ȧ6} γ^{LM}_{ȧ7ȧ8} α^M_{−n} ω_nn^3(N^I_− )_{ȧ1 a}γ^{IJ}_{ȧ2ȧ3} γ^{JK}_{ȧ4ȧ5} γ^{KL}_{ȧ6ȧ7} (N^L_+ S_{−n} )_{ȧ8}

Table 2: Action of broken supersymmetries on the left-moving (untilded) oscillators with p_− > 0. The result for the right-movers (tilded) oscillators is given by inserting an extra factor of (−i)^r. When p_− < 0 the matrices N_− and N_+ are interchanged. The matrices N^I_± are defined by N^I_± ≡ γ^I N_± .

therefore have the form

1 ⟨χ_1| ⊗_2 ⟨χ_2| (η(Q^−_1 + Q^−_2 ))^8|

�_∞ � k=1 1 ω_k α^{(1)I}_{−k} α̃^{(1)I}_{−k} − iS^{(1)}_{−k} M_kS̃^{(1)}_{−k} � ×

× �_∞ � l=1 1 ω_l α^{(2)J}_{−l} α̃^{(2)J}_{−l} − iS^{(2)}_{−l} M_lS̃^{(2)}_{−l} � ‖(0, 0)⟩⟩_1 ⊗ ‖(0, 0)⟩⟩_2 . (3.11)

We will evaluate (3.11) by commuting factors of η(Q^−_1 + Q^−_2 ) to the right, noting that the commuted part annihilates the ground-state ket vector. We therefore pick up factors of [(ηQ^− )^r, α^I ] or [(ηQ^− )^r, S^a] for various values of the integer r. These factors are summarised in table 2 (in which N^I_± ≡ γ^I N_± ).^5 Overall powers of |p_− | are omitted in this list since these cancel with factors of |p_− | coming from the kinematic supersymmetries once both the disks are included.

5Recall that the sign of m in Q^−_2 is reversed relative to that in Q^−_1 .

– 13 –

Since the external states are made of bosonic oscillators only, we will need to act with an even number of Q^− ’s on each bosonic oscillator and with an odd number on each fermionic oscillator. In other words, we need to evaluate an expression of the form, 1 ω [(ηQ^− )^4, α)]α̃ + 1 ω α[(ηQ^− )^4), α̃] + 6 1 ω [(ηQ^− )^2, α] [(ηQ^− )^2, α̃] +

+ 4[(ηQ^− )^3, S] [ηQ^− , S̃] + 4[ηQ^− , S] [(ηQ^− )^3, S̃] , (3.12)

where we have suppressed the index structure. The various numerical factors in front of each term are the binomial coefficients C^4_n.

Using table 1 and the following identity

N_− M_nN_− + n ω_n

= 2M_n , (3.13)

we obtain a contribution to the first disk of the form

|Disk 1⟩⟩ ≡ ∞� n=1 n � (ηγ^Rγ^K η) � ηγ^K

� ω_n n 1 − m n Π � γ^S η � α^{(1)(R}_{−n} α̃^{(1)S)}_{−n} ‖(0, 0) ⟩⟩_0 . (3.14)

For the second disk, the result can be obtained from equation (3.14) by replacing m by −m, giving

|Disk 2⟩⟩ ≡ ∞� n=1 n � ηγ^P γ^Lη � � ηγ^L

� ω_n n 1 + m n Π � γ^Qη � α^{(2)(P}_{−n} α̃^{(2)Q)}_{−n} ‖(0, 0) ⟩⟩_0 . (3.15)

The mass matrix is obtained by evaluating 1 ω_pω_q t^{(1)}_{(IJ)}t^{(2)}_{(KL)} � d^8η ⟨0|α^{(1)I}_p α̃^{(1)J}_p |Disk 1⟩⟩ × ⟨0|α^{(2)K}_q α̃^{(2)L}_q |Disk 2⟩⟩ , (3.16)

This expression involves the Grassmann integral, � d^8 ηηγ^{IK} η ηγ^K M^−_n γ^J η ηγ^{P L}η ηγ^LM^+_n γ^Qη . (3.17)

Integration over the η’s can be efficiently expressed in terms of the four-component chiral SO(4) × SO(4) spinors η^± = 1 2 (1 ± Π) η . (3.18)

The integrals we will meet later are all of the form � d^4η^± η^± γ^{ij} η^± η^± γ^{kl}η^± = (−δ^{ik}δ^{jl} + δ^{il}δ^{jk} ± ϵ^{ijkl}) ≡ T^±_{ijkl} , (3.19) � d^4η^± η^± γ^{i′j′} η^± η^± γ^{k′l′} η^± = (δ^{i′k′} δ^{j′l′} − δ^{i′l′} δ^{j′k′} ± ϵ^{i′j′k′l′} ) ≡ −T^∓_{i′j′k′l′} , (3.20) � d^4η^± η^± γ^{ij} η^± η^± γ^{k′l′} η^± = 0 , (3.21)

or can be converted to this form by making use of the Fierz transformation

η^±_ȧ η^±_ḃ = 1 16 � (γ^{kl}P^± )_{ȧḃ}ηγ^{kl}η + (γ^{k′l′} P^± )_{ȧḃ}ηγ^{k′l′} η � , (3.22)

where P^± =^1_2 (1 ± Π).

– 14 –

The tensors T^±_{ijkl}, defined in (3.19), have the property that they are left invariant under the interchange of the first and last pair of indices and they satisfy the (anti)self-duality condition ϵ^{j1j2p3p4} T^±_{j1j2j3j4} = ±2T^±_{p3p4j3j4} . (3.23) We also note the property

T^+_{ispj}T^−_{rijq} = 2(δ^{rq} δ^{ps} + δ^{sq}δ^{rp}) − δ^{pq}δ^{rs} , (3.24)

which is invariant under p ↔ q, r ↔ s.

Mass matrix elements with (I, J) = (i, j). Up to now the indices I, J, K, L have labelled SO(8) vectors which can take values in either of the SO(4) factors in the SO(4) × SO(4) subgroup. At this point we will specialise to the representation in which the vector indices (I, J) are in one of the SO(4) subgroups of SO(4) × SO(4), so that (I, J) → (i, j). In this case the integration over the fermionic moduli, η, in (3.16) involves evaluation of the Grassmann integral � d^8 ηηγ^{iK} η ηγ^K M^−_n γ^j η ηγ^{P L}η ηγ^LM^+_n γ^Qη , (3.25)

where M^±_n = ω_n n 1 ± m n Π . (3.26)

We will only consider the leading power of m in the m → ∞ limit, which is relevant to the comparison with the gauge theory. The only non-zero matrix elements arise when the indices (P, Q) are in the first SO(4) factor, so that (P, Q) = (p, q). In this case (3.22) and (3.19) lead to (in the limit m → ∞)

n^2 m^2 � d^8 η ηγ^{iK} η ηγ^K M^−_n γ^j η ηγ^{pL}η ηγ^LM^+_n γ^qη →

→ (T^+_{ikkj}T^−_{pllq}) + (9T^−_{iklq}T^+_{kjpl}) = 9(δ^{pq}δ^{ij} ) + 18 � δ^{pi}δ^{qj} + δ^{pj} δ^{iq} − 1 2 δ^{pq}δ^{ij} � . (3.27)

This expression couples the symmetric traceless wave functions, t^{(1)}_{(ij)t} and t^{(2)}_{(pq)t} as well as the SO(4) singlets t^{(1)}_{(ii)} and t^{(2)}_{(pp)}. Matrix elements with (I, J) = (i, j) and (P, Q) = (p^′, q^′) vanish. Of course, there is an expression similar to (3.27) with primed indices replacing the unprimed ones.

To summarise, the matrix elements between states with two bosonic impurities with symmetrised indices in the same SO(4) factor are proportional to

e^{2πiτ} g^{7/2}_s m^4 t^{(1)}_{ij} t^{(2)}_{pq} (δ^{pi}δ^{qj} + δ^{pj} δ^{iq}) . (3.28)

Mass matrix elements with (I, J) = (i, j^′). The disk with four Q^− ’s attached couples to the symmetric combination (I, J) → (i, j^′)⊕(j^′, i). Explicitly, the η-dependence for disk 1 appears in the combination 1 2 ηγ^{iK} ηηγ^K (1 − Π)γ^{j′} η = η^+γ^{ik}η^+η^+γ^{kj′} η^− + η^− γ^{ik}η^− η^+γ^{kj′} η^− + 2η^+γ^{ik′} η^− η^− γ^{k′j′} η^− , (3.29)

– 15 – which only has odd powers of η^+ and η^− . The analogous factor for disk 2 is 1 2 ηγ^{P L}ηηγ^L(1 + Π)γ^Q = η^+γ^{pl}η^+η^+γ^{lq′} η^− + η^− γ^{pl}η^− η^− γ^{lq′} η^+ +

+ 2η^− γ^{pl′} η^+η^+γ^{l′q′} η^+ + 2η^+γ^{p′l}η^− η^− γ^{lq}η^− + + η^+γ^{p′l′} η^+η^+γ^{l′q}η^− + η^− γ^{p′l′} η^− η^+γ^{l′q}η^− . (3.30)

Multiplying the expressions (3.29) and (3.30) gives three types of terms, � d^4η^+d^4η^− [(η^+γ^{ik}η^+η^− γ^{kj′} η^+η^+γ^{l′q}η^− η^− γ^{p′l′} η^− ) +

+ (η^− γ^{ik}η^− η^+γ^{p′l′} η^+η^+γ^{kj′} η^− η^+γ^{l′q}η^− )] = = − 1 8 � T^+_{ikkq}T^−_{p′l′l′j′} + T^−_{ikkq}T^+_{p′l′l′j′} � , (3.31) 2 � d^4η^+d^4η^− η^− γ^{ik}η^− η^+γ^{l′q′} η^+η^− γ^{kj′} η^− η^− γ^{pl′} η^+ = − 1 4 T^−_{ikkp}T^+_{q′l′l′j′} , (3.32) 2 � d^4η^+d^4η^− η^− γ^{k′j′} η^− η^+γ^{pl}η^+η^− γ^{ik′} η^− η^+γ^{lq′} η^− = − 1 4 T^−_{j′k′k′q′} T^+_{plli} . (3.33)

It is straightforward to show from these expressions that the matrix elements of this type are of the form e^{2πiτ} g^{7/2}_s m^4 t^{(1)}_{ij′} t^{(2)}_{p′q} � δ_{iq}δ_p′_j′ + δ_q′_j′ δ_{pi} � . (3.34)

It is of interest to compare the above matrix elements with those deduced from N = 4 Yang-Mills theory in the BMN limit. The gauge theory parameters relevant to this limit are expressed in terms of those of string theory by the relations [1, 17]

J^2 N ≡ g_2 = 4πg_sm^2 , g^2_{Y M} N J^2

≡ λ^′ = 1 m^2

, (3.35)

and the light-cone string theory hamiltonian is expressed in terms of J and Δ by H^{(2)}/μ = Δ − J. The presence of the D-instanton contribution to the two-particle hamiltonian in string theory therefore implies that there should be a corresponding contribution to the two-point function of the corresponding BMN operators in N = 4 Yang-Mills gauge theory of the form e^{iθ−8π 2/g2}Y M g^{7/2}_2 λ^{′2} .

We will see in a separate paper [15] that this dependence on the coupling constant does indeed emerge from the gauge theory although it proves very difficult to evaluate the instanton contribution in detail in the two-impurity case.^6

3.1.2 Matrix elements of SO(8) antisymmetric tensors in the NS − NS sector The two-string state describing strings in the antisymmetric NS − NS representation is 1 ω_pω_q t^{(1)}_{[IJ]} t^{(2)}_{[KL] h}⟨0|α^{(1)I}_p α̃^{(1)J}_p ⊗_h⟨0|α^{(2)K}_q α̃^{(2)L}_q . (3.36)

6It turns out that in the gauge theory, the four-impurity case is under better control.

– 16 –

In this case the boundary state contribution comes from terms in (3.10) with p = 2 and p = 6, where two Q^− ’s are distributed on one disk and six on the other. Specialising again to the case in which the vector indices in (3.36) lie in one of the SO(4) subgroups of SO(8) the matrix element turns out to be proportional to (T^+_{ijkl} + T^−_{ijkl}). To leading order in m it is proportional to e^{2πiτ} g^{7/2}_s m^4 t^{(1)}_{ij} t^{(2)}_{kl} (δ_{ik}δ_{jl} − δ_{jk}δ_{il}) , (3.37)

where t^{(1)} and t^{(2)} are the antisymmetric tensor wave functions of the two states. The result (3.37) has the same dependence on the parameters as in the symmetric case considered earlier.

A similar result follows when the external states have vector indices in the other SO(4). It is also easy to see that there is no mixing of the [i, j] states with the [i^′, j^′] states.

Furthermore a state with one index in each of the SO(4) factors, [i, j^′], only mixes with a similar state, again resulting in a dependence on the parameters of the form e^{2πiτ} g^{7/2}_s m^4.

3.1.3 Matrix elements of SO(8) singlets in the NS − NS sector As remarked earlier, the singlet SO(8) representation is the direct sum of SO(4) singlets in SO(4) × SO(4). This is denoted by (ii) + (j^′j^′) in table 1. In this case the wave functions are t^{(1)}_{II} and t^{(2)}_{II} and the result turns out to be proportional to g^{7/2}_s m^2. This is suppressed by a power of m^{−2} relative to the matrix elements of (ii) − (j^′j^′), which accounts for the earlier observation that this matrix element vanishes in the m → ∞ limit. In this case the gauge theory result should be proportional to g^6_{Y M} rather than g^4_{Y M} .

3.2 Matrix elements of excited RR states

We will only briefly consider matrix elements of pairs of states with two R impurities. For simplicity let us consider the SO(4) × SO(4) RR singlet that comes from the SO(8) RR four-form. In this case the leading contribution arises when each disk has four Q^− ’s. The dominant contribution in the large m limit arises when two Q^− ’s act on each S and S̃ on each disk. Consider the case in which the external state on disk 1 (with p_− > 0) is of the form S^+S̃^+. This disk contributes at order m^3. Now consider the case that the external state on the disk 2 (with p_− < 0 so that m < 0) is of the form S^+S̃^+. This is suppressed by 1/m^2 relative to the first disk and the combined power of m is m^4, as in the NS − NS sector. Note that this is an example of a two-point function which also gets perturbative contributions, as do the NS − NS two-point functions considered earlier. However, if the external state is of the form S^− S̃^− the result is proportional to m^3 on each disk and the net power of m is m^6. In this example there are no perturbative contributions, which follows from the fact that ⟨S^+S^− ⟩ = 0.

3.2.1 Other matrix elements of two-impurity states The last example illustrates a general feature of states involving fermionic excitations, namely, that the two-point functions of states with a large number of fermionic excitations can have a high positive power of m. On the gauge theory side, this corresponds to a large negative power of λ^′. Of course, since the instanton contributions under consideration

– 17 – have a prefactor of e^{−8π 2/g2}Y M = e^{−8π 2N/λ ′J 2} the λ^′ → 0 limit is not divergent. We will see in [15] that this qualitatively matches the behaviour of the analogous Yang-Mills instanton contributions to the gauge theory in the BMN limit. An important general observation is that the D-instanton induces mixing between NS − NS and RR states which does not occur at any order in string perturbation theory. This is easily seen from the fact that the D-instanton boundary state is a source of RR charge.

Fermionic states can be analysed in a similar manner. They require an odd number of Q^− ’s on each disk.

4. Matrix elements between states with four bosonic impurities

In this section we consider external states made from four bosonic oscillators. It will turn out that the comparison of matrix elements for these states with the anomalous dimensions of corresponding operators in the gauge theory is under better control than in the case of two impurity operators. We will only consider the case in which all the vector indices on the bosonic oscillators are in one of the SO(4) factors. In this case the two-particle state has the form

1 ⟨χ_1| ⊗_2 ⟨χ_2| = 1 ω^2_r ω^2_s t^{(1)}_{j1j2j3j4} t^{(2)}_{p1p2p3p4} ×

×_h⟨0|α^{(1)j1}_r α̃^{(1)j2}_r α^{(1)j3}_s α̃^{(1)j4}_s ⊗_h⟨0|α^{(2)p1}_r α̃^{(2)p2}_r α^{(2)p3}_s α̃^{(2)p4}_s . (4.1)

Here, we have used the property of the D-instanton boundary state that the only non-zero matrix elements are those in which each α_p mode is accompanied by a α̃_p with the same mode number, p. Also, conservation of p_+ requires that the mode numbers of state (1) are the same as those of state (2).

To leading order in the m → ∞ limit the contribution to matrix elements,_1 ⟨χ_1| ⊗ 2 ⟨χ_2|V_2⟩⟩, is obtained by expanding the boundary state and retaining the term involving the product of four fermion bilinears on each disk. These contributions are dominant since the fermion bilinear in the exponent of the boundary state operator comes with an explicit factor of m in the large-m limit. Therefore, in order to get a non-vanishing overlap with states made of bosonic oscillators, there must be 4 Q^− ’s on each disk with one broken supersymmetry acting on each of the fermions. To leading order in m this leads to the following instantonic contribution to H^{(2)}

t_{j1j̃2j3j̃4} t_{p1p̃2p3p̃4} e^{2πiτ} g^{7/2}_s m^8 1 r^2s^2 × × � d^8η ηγ^{j1} (1 − Π)γ^{j2} η ηγ^{j3} (1 − Π)γ^{j4} η ηγ^{p1} (1 + Π)γ^{p2} η ηγ^{p3} (1 + Π)γ^{p4} η , (4.2)

where the tilded index is associated with α̃ and the untilded with α and there is level matching for the first and last pair of indices. Considering all the indices on the external wavefunctions to belong to the first SO(4) yields for the second line in equation (4.2) � d^8η η^+γ^{j1j̃2} η^+ η^+γ^{j3j̃4} η^+ η^− γ^{p1p̃2} η^− η^− γ^{p3p̃4} η^− , (4.3)

– 18 – which using equation (3.19) reduces to

T^+_{j1j̃2j3j̃4} T^−_{p1p̃2p3p̃4} = � ϵ_{j1j̃2j3j̃4} + δ_{j1j3} δ_{j̃2j̃4} − δ_{j1j̃4} δ_{j̃2j3} � × × (ϵ_{p1p̃2p3p̃4} − δ_{p1p3} δ_{p̃2p̃4} + δ_{p1p̃4} δ_{p̃2p3} ) . (4.4)

Thus, the matrix elements of two states with four bosonic impurities (with all impurities in one of the SO(4) factors) is given by

t_{j1j̃2j3j̃4} t_{p1p̃2p3p̃4} e^{2πiτ} g^{7/2}_s m^8 1 r^2s^2

T^+_{j1j̃2j3j̃4} T^−_{p1p̃2p3p̃4} . (4.5)

Note that the tensors T^±_{j1j2j3j4} = ±ϵ_{j1j2j3j4} + δ_{j1j3} δ_{j2j4} − δ_{j1j4} δ_{j2j3} are self-dual, i.e.,

ϵ_{j1j2p3p4} T^±_{j1j2j3j4} = ±2T^±_{p3p4j3j4} . (4.6)

Recalling that 4πg_sm^2 = g_2 = J^2/N, we see that the string result predicts that the corresponding four impurity operators on the gauge theory side should receive instanton contributions to anomalous dimensions at order J^7/N^{7/2}. The rest of the possible fourimpurity states are suppressed by powers of m compared to this leading result. For example, if the external states are of the type_h⟨0|α^{[j1}_r α̃^{j2]}_r α^{[j3}_s α̃^{j4]}_s , then the result will be proportional to m^4 rather than m^8. The corresponding gauge theory result would appear at order J^3g^4_{Y M} /N^{3/2}.

5. Discussion

We have evaluated the leading single D-instanton contribution to the mass matrix elements of certain states of maximally supersymmetric plane-wave string theory. These are contributions that are exponentially suppressed by a factor e^{−2πτ 2} , but are uniquely specified by the characteristic instanton phase, e^{2πiτ1} . Our specific results concern states with up to four impurities with non-zero mode numbers (a state with zero mode number is a protected supergravity state and has vanishing mass matrix element with all other states). The structure of the boundary state makes it obvious that the only states that couple with a D-instanton are those with an even number of impurities. Furthermore, when there are 4 + 2n impurities the only states that couple to the D-instanton are those in which n pairs form SO(4) × SO(4) singlets. We also saw in section 3.2 that mass matrix elements of states with a large number of fermionic excitations can have a high positive power of m (multiplying the factor of e^{2πiτ} ). This only arises for matrix elements which do not get any contributions in string perturbation theory.

It is of interest to see how the string mass matrix elements translate into statements concerning contributions of Yang-Mills instantons to the anomalous dimensions of states in the BMN limit of N = 4 superconformal gauge theory. Since we have not diagonalized the mass-matrix the best we can do is to compare the individual matrix elements. Furthermore, in order to remain in the perturbative regime of the string theory, g_s → 0, as well as in the Yang-Mills theory, λ^′ → 0, we have concentrated on the limit m → ∞. To leading order as m → ∞ the matrix elements between two-impurity states given in section 3 have the form

– 19 – e^{iθ−8π 2/g2}Y M g^{7/2}_2 λ^{′2}, when expressed in terms of the parameters of the Yang-Mills theory in the BMN limit. In particular, they are independent of the mode numbers of the states. In the case of four impurities the mass-matrix elements have the form e^{iθ−8π 2/g2}Y M g^{7/2}_2 (rs)^{−2} , where r and s are the two independent mode numbers that label either of the states. In a separate paper [15] we are examining if these dependences can be reproduced from Yang- Mills instanton contributions to anomalous dimensions of the corresponding four impurity operators.

However, the issue of whether there should be a precise match between the string theory and gauge theory calculations is called into question by recent perturbative calculations. An analysis in [4] suggests that the one-loop string calculation in the literature is incomplete and may be incorrect. This raises questions about the claimed precise match with the gauge theory analysis, which is also incomplete. Furthermore, perturbative calculations in ‘near-BMN sectors’, both in string theory [18] and in the dual gauge theory [19], have shown deviations from BMN scaling. Explicit tests show that in the strict BMN case scaling is respected up to three loops [20], with indications from a related matrix model calculation [21] that this may break down at four loops. In view of these issues in the perturbative sector, it is not obvious to what extent one should expect agreement between the non-perturbative effects considered in this paper with corresponding effects in N =4 SYM. However, such a comparison should help to shed further light on the corresponence.

Acknowledgments

We thank Matthias Staudacher for useful comments. A.S. thanks PPARC for a postdoctoral fellowship and Gonville and Caius college, Cambridge for a college fellowship.

A. World-sheet generators of plane-wave string theory

In this appendix we summarise the expressions for the generators of the plane-wave algebra in the representation furnished by string theory in the light-cone gauge [2].

In the light-cone gauge the 32 supersymmetries of the plane-wave background are described by 16 kinematic and 16 dynamical supersymmetries (only the latter receive corrections due to string interactions). The kinematical supersymmetries, which satisfy the anticommutation relations {q,q̄} = p_− , are given by q = e(p_− ) 2 √ 2π �_{2π|p − |} 0 dσ(S + iS̃) ≡

�_{2π|p − |} 0 dσ 1 2 √ 2π θ̄ , (A.1)

q̄ = 1 2 √ 2π �_{2π|p − |} 0 dσ(S − i S̃) ≡

�_{2π|p − |} 0 dσ e(p_− ) 2 √ 2π θ . (A.2)

The field S satisfies {S(σ), S(σ^′)} = 2πδ(σ − σ^′) with a similar relation for S̃. e(p_− ) = sign(p_− ). In (A.2) we have defined

e(p_− )

S + iS̃ 2 √ 2π = θ̄ 2π √ 2 , e(p_− )

S − i S̃ 2 √ 2π = θ 2π √ 2 . (A.3)

– 20 –

The dynamical supercharges are defined as Q^+ =^{1√}_2 (Q + iQ̃) and Q^− =^{1√}_2 (Q − i Q̃) with

Q^+ =

�_{2π|p − |} 0 dσ � p^I γ_Iθ̄ − ie(p_− ) 4π ∂_σ x^I γ_I θ − ie(p_− ) 4π μx^I γ_I Π θ̄ � , (A.4)

Q^− =

�_{2π|p − |} 0 dσ � e(p_− )p^I γ_I θ + i 4π ∂_σ x^I γ_Iθ̄ + i 4π μx^I γ_I Π θ � . (A.5)

In terms of these variables, the first quantised hamiltonian is given by h = e(p_− ) 2 �_{2π|p − |} 0 dσ � 4πp^2 + 1 4π ((∂_σ x)^2 + μ^2x^2) � + + e(p_− ) � −4πλ∂_σ λ + 1 4π θ∂_σ θ + 2μ(λΠθ) � . (A.6)

The various mode expansions are as follows

x(σ, τ = 0) = x_0 + i � n≠0 1 ω_n � e^{inσ|p− |} α_n + e^{−inσ|p− |} α̃_n � ,

|p_− |p(σ, τ = 0) = p_0 + � n≠0 � e^{inσ|p− |} α_n + e^{−inσ|p− |} α̃_n � , � |p_− |S(σ, τ = 0) = S_0 + � n≠0

c_n � S_ne^{inσ|p− |} + i m (ω_n − n)Π S̃_ne^{−inσ|p− |} � , � |p_− |S̃(σ, τ = 0) = S̃_0 + � n≠0

c_n � S̃_ne^{−inσ}|p− | − i m (ω_n − n)ΠS_ne^{inσ|p− |} � , (A.7)

where m = μp_− α^′ and the non-zero commutation relations are given by

[α_k, α_l] = ω_kδ_{k,−l} , {S_k, S_l} = δ_{k,−l} , (A.8)

with similar relations for the right-movers. The quantity c_n is defined by

c_n = m � 2ω_n(ω_n − n)

. (A.9)

References

[1] D. Berenstein, J.M. Maldacena and H. Nastase, Strings in flat space and pp waves from N = 4 super Yang-Mills, JHEP 04 (2002) 013 [hep-th/0202021].

[2] R.R. Metsaev and A.A. Tseytlin, Exactly solvable model of superstring in plane wave Ramond-Ramond background, Phys. Rev. D 65 (2002) 126004 [hep-th/0202109].

[3] J.C. Plefka, Lectures on the plane-wave string/gauge theory duality, Fortschr. Phys. 52 (2004) 264 [hep-th/0307101];

J.M. Maldacena, TASI 2003 lectures on AdS/CFT, hep-th/0309246; D. Sadri and M.M. Sheikh-Jabbari, The plane-wave/super Yang-Mills duality, Rev. Mod. Phys. 76 (2004) 853 [hep-th/0310119];

R. Russo and A. Tanzini, The duality between IIB string theory on pp-wave and N = 4 SYM: a status report, Class. and Quant. Grav. 21 (2004) S1265 [hep-th/0401155]; A. Pankiewicz, Strings in plane wave backgrounds, Fortschr. Phys. 51 (2003) 1139 [hep-th/0307027].

– 21 –

[4] P. Gutjahr and A. Pankiewicz, New aspects of the BMN correspondence beyond the planar limit, Nucl. Phys. B 704 (2005) 583 [hep-th/0407098].

[5] R. Roiban, M. Spradlin and A. Volovich, On light-cone SFT contact terms in a plane wave, JHEP 10 (2003) 055 [hep-th/0211220];

G. Georgiou and G. Travaglini, Fermion BMN operators, the dilatation operator of N = 4 SYM and pp-wave string interactions, JHEP 04 (2004) 001 [hep-th/0403188]; P. Matlock and K.S. Viswanathan, Four-impurity operators and string field theory vertex in the BMN correspondence, Phys. Rev. D 71 (2005) 026001 [hep-th/0406061]; S. Dobashi and T. Yoneya, Impurity non-preserving 3-point correlators of BMN operators from pp-wave holography, 1. Bosonic excitations, Nucl. Phys. B 711 (2005) 54 [hep-th/0409058];

S. Dobashi and T. Yoneya, Resolving the holography in the plane-wave limit of AdS/CFT correspondence, Nucl. Phys. B 711 (2005) 3 [hep-th/0406225];

P. Di Vecchia, J.L. Petersen, M. Petrini, R. Russo and A. Tanzini, The 3-string vertex and the AdS/CFT duality in the pp-wave limit, Class. and Quant. Grav. 21 (2004) 2221 [hep-th/0304025];

N. Beisert, C. Kristjansen, J. Plefka, G.W. Semenoff and M. Staudacher, BMN correlators and operator mixing in N = 4 super Yang-Mills theory, Nucl. Phys. B 650 (2003) 125 [hep-th/0208178];

C.-S. Chu and V.V. Khoze, Correspondence between the 3-point BMN correlators and the 3-string vertex on the pp-wave, JHEP 04 (2003) 014 [hep-th/0301036]; N. Beisert, C. Kristjansen, J. Plefka and M. Staudacher, BMN gauge theory as a quantum mechanical system, Phys. Lett. B 558 (2003) 229 [hep-th/0212269]; J. Pearson, M. Spradlin, D. Vaman, H. Verlinde and A. Volovich, Tracing the string: BMN correspondence at finite J^2/N, JHEP 05 (2003) 022 [hep-th/0210102]; K. Peeters, J. Plefka and M. Zamaklar, Splitting spinning strings in AdS/CFT, JHEP 11 (2004) 054 [hep-th/0410275];

S. Lee and R. Russo, Holographic cubic vertex in the pp-wave, Nucl. Phys. B 705 (2005) 296 [hep-th/0409261].

[6] A. Dabholkar and S. Parvizi, Dp-branes in pp-wave background, Nucl. Phys. B 641 (2002) 223 [hep-th/0203231];

K. Skenderis and M. Taylor, Branes in AdS and pp-wave spacetimes, JHEP 06 (2002) 025 [hep-th/0204054];

O. Bergman, M.R. Gaberdiel and M.B. Green, D-brane interactions in type-IIB plane-wave background, JHEP 03 (2003) 002 [hep-th/0205183];

A. Sinha and N.V. Suryanarayana, Tadpole analysis of orientifolded plane-waves, JHEP 11 (2002) 026 [hep-th/0209247];

K. Skenderis and M. Taylor, Open strings in the plane wave background, I. Quantization and symmetries, Nucl. Phys. B 665 (2003) 3 [hep-th/0211011];

M.R. Gaberdiel, M.B. Green, S. Schafer-Nameki and A. Sinha, Oblique and curved D-branes in IIB plane-wave string theory, JHEP 10 (2003) 052 [hep-th/0306056]; J.W. Kim, B.H. Lee and H.S. Yang, Superstrings and D-branes in plane wave, Phys. Rev. D 68 (2003) 026004 [hep-th/0302060];

M. Sakaguchi and K. Yoshida, D-branes of covariant AdS superstrings, Nucl. Phys. B 684 (2004) 100 [hep-th/0310228];

K.S. Cha, B.-H. Lee and H.S. Yang, A complete classification of D-branes in type-IIB plane wave background, JHEP 03 (2004) 058 [hep-th/0310177];

– 22 –

T. Mattik, Branes in the plane wave background with gauge field condensates,

hep-th/0501088.

[7] M.R. Gaberdiel and M.B. Green, The D-instanton and other supersymmetric D-branes in IIB plane-wave string theory, Ann. Phys. (NY) 307 (2003) 147 [hep-th/0211122].

[8] M. Bianchi, M.B. Green, S. Kovacs and G. Rossi, Instantons in supersymmetric Yang-Mills and D-instantons in IIB superstring theory, JHEP 08 (1998) 013 [hep-th/9807033].

[9] M.B. Green and S. Kovacs, Instanton-induced Yang-Mills correlation functions at large-N and their AdS_5 × S^5 duals, JHEP 04 (2003) 058 [hep-th/0212332].

[10] N. Dorey, T.J. Hollowood, V.V. Khoze and M.P. Mattis, The calculus of many instantons, Phys. Rept. 371 (2002) 231 [hep-th/0206063].

[11] S. Kovacs, On instanton contributions to anomalous dimensions in N = 4 supersymmetric Yang-Mills theory, Nucl. Phys. B 684 (2004) 3 [hep-th/0310193].

[12] A.V. Belitsky, S. Vandoren and P. van Nieuwenhuizen, Yang-Mills and D-instantons, Class.

and Quant. Grav. 17 (2000) 3521 [hep-th/0004186].

[13] M. Spradlin and A. Volovich, Superstring interactions in a pp-wave background, Phys. Rev. D 66 (2002) 086004 [hep-th/0204146];

Superstring interactions in a pp-wave background, II, JHEP 01 (2003) 036 [hep-th/0206073]; A. Pankiewicz and J. Stefanski, B., pp-wave light-cone superstring field theory, Nucl. Phys. B 657 (2003) 79 [hep-th/0210246];

A. Pankiewicz, More comments on superstring interactions in the pp-wave background, JHEP 09 (2002) 056 [hep-th/0208209];

J.H. Schwarz, The three-string vertex for a plane-wave background, hep-th/0312283; J. Lucietti, S. Schafer-Nameki and A. Sinha, On the plane-wave cubic vertex, Phys. Rev. D 70 (2004) 026005 [hep-th/0402185];

J. Lucietti, S. Schafer-Nameki and A. Sinha, On the exact open-closed vertex in plane-wave light-cone string field theory, Phys. Rev. D 69 (2004) 086005 [hep-th/0311231].

[14] M.B. Green, Interconnections between type-II superstrings, M-theory and N = 4 Yang-Mills,

hep-th/9903124.

[15] M. B. Green, S. Kovacs and A. Sinha, in preparation.

[16] M.B. Green and M. Gutperle, Light-cone supersymmetry and D-branes, Nucl. Phys. B 476 (1996) 484 [hep-th/9604091]; Effects of D-instantons, Nucl. Phys. B 498 (1997) 195 [hep-th/9701093].

[17] C. Kristjansen, J. Plefka, G.W. Semenoff and M. Staudacher, A new double-scaling limit of N = 4 super Yang-Mills theory and pp-wave strings, Nucl. Phys. B 643 (2002) 3 [hep-th/0205033];

N.R. Constable et al., pp-wave string interactions from perturbative Yang-Mills theory, JHEP 07 (2002) 017 [hep-th/0205089].

[18] I.R. Klebanov, M. Spradlin and A. Volovich, New effects in gauge theory from pp-wave superstrings, Phys. Lett. B 548 (2002) 111 [hep-th/0206221];

C.G. Callan Jr. et al., Quantizing string theory in AdS_5 × S^5: beyond the pp-wave, Nucl. Phys. B 673 (2003) 3 [hep-th/0307032];

C.G. Callan Jr., T. McLoughlin and I. Swanson, Holography beyond the Penrose limit, Nucl. Phys. B 694 (2004) 115 [hep-th/0404007].

– 23 –

[19] D. Serban and M. Staudacher, Planar N = 4 gauge theory and the Inozemtsev long range spin chain, JHEP 06 (2004) 001 [hep-th/0401057];

N. Beisert, V. Dippel and M. Staudacher, A novel long range spin chain and planar N = 4 super Yang-Mills, JHEP 07 (2004) 075 [hep-th/0405001].

[20] B. Eden, C. Jarczak and E. Sokatchev, A three-loop test of the dilatation operator in N = 4 SYM, Nucl. Phys. B 712 (2005) 157 [hep-th/0409009].

[21] T. Fischbacher, T. Klose and J. Plefka, Planar plane-wave matrix theory at the four loop order: integrability without BMN scaling, JHEP 02 (2005) 039 [hep-th/0412331].

– 24 –